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I. INTRODUCTION
This paper presents a Poiseuille flow that shows a behavior beyond the scope of standard hydrodynamics. The Poiseuille flow is a classical example to study by means of the Navier-Stokes equations ͓1-3͔. Perhaps the first molecular-dynamic simulation of this flow is the one reported in ͓4͔. Usually the Poiseuille flow is understood to be driven by an externally imposed pressure gradient, but it is trivially equivalent to applying a gravitational force mg over each particle ͓5,6͔. For small velocities ͑small Reynolds or Mach number͒ the flow is known to be laminar and stationary and the velocity profile is parabolic. There is, however, a critical Reynolds number above which an unstable ͑turbu-lent͒ regime starts ͓2͔. In ͓7͔ the authors studied a small system of Lennard-Jones particles observing that in spite of the size of the system it has a good hydrodynamic behavior.
In this paper we present analytic and simulational results regarding the Poiseuille flow of a two-dimensional system of hard particles in a regime deeply inside the stable zone. The corresponding theoretical results in the 3D case are presented in the final section. An interesting feature of our system of hard particles is that it presents important thermal and compressibility effects. Hence this numerical system represents a challenge to the theory of hydrodynamics since its transport coefficients depend on position. A relatively recent and quite thorough numerical analysis of the 2D Poiseuille flow is found in ͓8͔.
It will be shown that our simulational observations fall beyond standard hydrodynamics: the transport laws are nonlinear and effects related to the small ratio of the mean free path and the width of the channel are observable. We present a hydrodynamics derived directly from Boltzmann's equation, which includes, besides the balance of mass, momentum, and energy, extra balance equations that take the place of the usual constitutive equations. These extra equations are derived from Boltzmann's equation using a moment expansion of the distribution. The whole picture is valid in the Boltzmann-Grad limit of low density and small, but finite, mean free path. We call such dynamics Boltzmann-Grad gas-dynamics since Grad pioneered moment expansions in the present context ͓9͔. Besides Grad's already cited articles, we have made presentations and applications of BoltzmannGrad gas-dynamics in ͓10-12͔. It has to be underlined that in the present framework no constitutive transport equations are assumed. Instead, the derived gas-dynamics contains equations and they replace Newton's and Fourier's laws.
In ͓2͔ it has been shown that for a two-dimensional incompressible Poiseuille flow in an infinitely long channel the predicted critical Reynolds number is Re c ϭ5772 corresponding to long wave excitations ͓6͔. But when the aspect ratio ϭwidth/length is finite, the value of Re c increases since these long wave excitations cannot exist. In ͓6͔ the authors have studied the stability curve versus Re c that stems from a linear stability analysis. In particular from their results it is seen that for aspect ratio ϭ1 or ϭ4-which we use-Re c у10
6 . In view of this we can state that the numerical experiments that we present in the present paper are deeply in the stable region (ReϽ100).
One could say that the results in this work should be expected because we know that Boltzmann's equation has to describe correctly a system such as the one we deal with. The point is, however, that it is not obvious how to extract the information from Boltzmann's equation. Many applications of Boltzmann's equations use the Chapman-Enskog method to extract the information concealed in this very complex kinetic equation ͓13͔ or, if not, they use the approximate Bhatnagar-Gross-Krook ͑BKG͒ equation; in the context of the Poiseuille flow see ͓5,14-16͔. Up to second order the Chapman-Enskog method is quite involved and leads to linear constitutive equations, therefore it cannot describe what we do here.
As already said, we use Grad's moment expansion method ͓9͔, which has already been proved to produce quite nontrivial nonlinear constitutive equations that describe extraordinarily well the observations obtained from moleculardynamic simulations ͓10-12͔. We particularly underline that in ͓10͔ we were able to find a close analytic solution of the gas-dynamic equations for the case of a planar Couette flow, and they describe extremely well the simulational observations. Interesting fits to some of the results given in ͓10͔ using a modified Boltzmann equation are given in ͓17͔.
In Sec. II we present the gas-dynamic equations for the bidimensional laminar Poiseuille flow, the boundary and integral conditions, and a low-order nontrivial perturbative solution. In Sec. III after explaining the molecular-dynamic simulations that were made, a comparison between the theory of Sec. II and the simulational results is made. Section IV presents the gas-dynamic equations and a low-order solution of the 3D case. The Appendix contains the perturbative solution up to sixth order for the bidimensional case.
II. POISEUILLE LAMINAR FLOW GAS-DYNAMICS
In this section we present the hydrodynamic equations for a laminar 2D Poiseuille flow along a channel with walls parallel to the X axis placed at yϭϮL y /2. The fluid moves under the effect of a gravitational acceleration g ជ ϭgx , it has N x particles per unit length along the channel and the walls are kept at a fixed temperature T 0 .
A. Gas-dynamic equations
From Boltzmann's equation it is straightforward to derive balance equations for mass, momentum, and energy. The balance equations stemming from higher moments of the distribution function are not so simple to derive since they are not associated to microscopically conserved quantities. They are obtained using some truncation assumptions, as Grad did. In this way balance equations associated to the pressure tensor, P i j , and the heat flux vector, q k , follow and they are dynamical equations that totally replace the usually linear and static constitutive transport equations. We have reconstructed Grad's derivation of these higher balance equations for the case of a dilute 2D gas of hard disks and they are found in ͓10,11͔. Once the whole set of balance equations is specialized to the Poiseuille flow, the problem is reduced to a set of five coupled nonlinear differential equations, some algebraic equations, a boundary condition, some symmetry properties, and an integral condition. We remark that Grad's solution cannot be expected to be valid near the boundaries where the interaction with the walls plays an important distorting role particularly at low densities because the formalism does not take into consideration wall effects.
Before we write down the basic hydrodynamic equations for the laminar Poiseuille flow, we define adimensional fields that, instead of being functions of the transversal coordinate y, are defined as functions of ϵy/L y ,
where
The temperature field T is expressed in energy units such that Boltzmann's constant is k B ϭ1. The particles have mass m and diameter ; A ϭ( 2 /4)(N x /L y ) is the global area density and N x is the number of particles per unit length. It is convenient to define an adimensional field ␥ that measures the intensity of the shear rate
where p is the hydrostatic local pressure.
When the equations are written in terms of these quantities some parameters emerge naturally. They are
The parameter F serves to control the intensity of the velocity field. Kn is proportional to the ratio between the mean free path lϭ/(8ͱ2 A ) and the transversal linear size of the box, hence it is a Knudsen number and it serves as a good descriptor of finite size effects. The complete picture is worked out under the assumption that Kn is small, otherwise we would be dealing with a Knudsen gas. The mass balance equation is satisfied identically. The rest of the balance equations are the following. The momentum balance yields
The energy balance becomes
͑7͒
The equations associated to the balance of the P i j give 
͑11͒
Equations ͑6͒, ͑7͒, ͑9͒, ͑10͒, and ͑11͒ are five coupled differential equations for the five fields P xy * , q y * , q x * , T*, and ␥.
To completely solve the hydrodynamic problem it is necessary to find also the uniform field P yy * . The hydrostatic pressure is determined from Eq. ͑8͒ and P xx * ϭ2p*ϪP yy * .
In these equations the derivatives appear multiplied by Kn suggesting that it would be more natural to use as adimensional transversal coordinate the quantity ϵ/Kn, but then the integral condition described below introduces Kn separately since Eq. ͑14͒ would be ͐ p*/T*dϭ1/Kn.
Equations ͑9͒ and ͑11͒ are rather complex equations that take the place of the usual laws of viscous flow and of transversal heat transport, respectively. In our case they have been derived rather than introduced as assumptions.
B. Boundary and integral conditions
The temperature is fixed at the walls so that
͑12͒
From the differential equations and the boundary condition ͑12͒ it follows that the hydrodynamic fields of the present problem have two parities, one with respect to changing the sign of F and the other one with respect to inverting . These parities are given in expression ͑13͒,
The explicit use of these parities plus the boundary condition mentioned above is enough to determine a unique solution of the differential equations except that P yy * is not yet determined.
To obtain P yy * it is necessary to use the ideal gas equation of state derived in the Boltzmann-Grad limit: pϭnT, where n(y) is the number density. Since ͐n(y)dy integrated over the width of the channel gives the density per unit length,
From Eq. ͑6͒ it is seen that P xy * () has to satisfy P xy
since P xy * () is antisymmetric in , but this is not an independent condition.
C. Perturbative solution
The acceleration of gravity is the agent that takes the system out of equilibrium. It is natural then to take g, or rather F, as the small parameter to iteratively find a solution. Assuming analyticity at Fϭ0 the set of differential equations and the boundary condition can easily be solved consistently order by order.
At the trivial order Fϭ0 all fields vanish except T*ϭ1 and P yy * ϭ1.
It is easy to check that the second order solution is 
. ͑17͒
The pressure is not uniform but its nonuniformity is quite small since it is proportional to Kn 2 F 2 . The temperature profile is not parabolic and its nonuniformity is dominated by a 4 term. At this order one can already see a quadratic correction to the 4 profile, which is there because the Knudsen number Kn is finite. This correction corresponds to the one in Eq. ͑21͒ of ͓18͔. See also ͓19͔ and ͓12͔.
Newton's law of viscous flow in the present adimensional formulation is P xy * ϭϪp*␥ and up to second order it is satisfied but at higher orders it is known that this is not the case as seen, for example, in ͓12͔. Fourier's law in adimensional form is q y *ϭϪ2Kn(dT*/d), which is not quite true at the present order. The small difference, to this order, is 3Kn 3 . One should perhaps be surprised that there is a heat flux q x parallel to the isotherms; it is small but it is there. This nonstandard flux ͑parallel to the isotherms͒ has already been mentioned in the literature and derived from Boltzmann's equation, as, for example, in ͓10,12,14,15͔.
Integrating the expression for ␥ and using definition ͑3͒, yields the usual parabolic velocity profile
͑18͒
Hence the hydrodynamic velocity at the center of the channel at low order, from Eq. ͑18͒, is proportional to F,
as it has already been mentioned. In Appendix A we give the solution of our system up to sixth order in F while in the next section we show how well our solution fits with our observations. It can be checked that the fourth order is enough to explain the fits presented in the next section. In fact, the sixth-order corrections are negligible in the cases we have considered.
III. SIMULATIONAL CONDITIONS AND SIMULATION-THEORY COMPARISON

A. Generalities
Our main simulations consider a system of Nϭ7056 particles in a channel of length L x ϭ372.22 and width L y ϭ1488.86. We have also made simulations with a larger system of Nϭ28224 particles, in a channel with L x ϭL y ϭ1488.9. This implies, in both cases, that the global area density is A ϭ0.01. With this choice the nonideal corrections to the equation of state are less than 2%. The size of the system is large enough that the ratio between the mean free path, lϭ/(8ͱ2 A ), and the width L y of the channel is about 0.019.
Units are chosen so that the mass of each particle is m ϭ1, their diameter is ϭ1, and time units are such that the externally imposed temperature T 0 expressed in energy units (k B ϭ1) is fixed to be T 0 ϭ1. The collisions among particles are perfectly elastic. The vertical walls ͑along the Y direction͒ are treated as periodic boundaries, and the collisions with the hard horizontal walls ͑along the X direction͒ are such that they impose T 0 ϭ1.0 at the walls as well as a null velocity. In both cases (Nϭ28224 and Nϭ7056) the external acceleration has been chosen gϭ0.124(T 0 /mL y ) ϭ0.000 083, which corresponds to FϷ2.07.
For finite systems there is a wall temperature jump that cannot be neglected, implying that the limit T(y→wall) does not give exactly the value externally imposed. As it will be seen below, the effective values for T 0 are T 0 ϭ1.10 in the case Nϭ28 224 and T 0 ϭ1.58 for Nϭ7056, implying effective values Fϭ1.89 and Fϭ1.31, respectively. The value of the Reynolds number in our simulations is ReϷ67 for N ϭ7056 and ReϷ42 for Nϭ28 224.
In every simulation the system was relaxed for about three thermal diffusion times, t diff , before local time averages of the main moments of the distribution (n,v ជ ,T,p i j ,q ជ ) were taken. The temporal averages were taken for as long as 30 t diff in the case of Nϭ7056, and 46.5 t diff in the case of Nϭ28 224. In one t diff each particle suffers about 500 particle collisions when Nϭ7056 and about 1000 particle collisions when Nϭ28 224.
To measure the hydrodynamic behavior of the system, the box is divided in M x ϫM y rectangular cells. Time averages of the first moments of the distribution are made in each cell. For the system with Nϭ28 224 particles the choice was M x ϭM y ϭ28, which corresponds to about 36 disks per cell, while in the case with Nϭ7056 the choice was M x ϭ21, M y ϭ84, or about 4.0 disks per cell.
In the case Nϭ7056, the statistics was improved making 21 independent runs using equivalent macroscopic initial conditions, which differed only microscopically. The results discussed below correspond to the ensemble of these simulations.
Taking advantage of the translation invariance in the X direction, it was natural to take horizontal averages of the observed cell results getting in this way smooth vertical profiles for the observed hydrodynamic fields.
B. Theory versus simulations
Most quantities show boundary effects. The temperature field shows isotherms parallel to the flow but-as predicted by Eqs. ͑10͒ and ͑11͒-the heat flux is not orthogonal to them. The heat flux parallel to the flow ͑and to the isotherms͒ will be discussed further along and it can be seen in Fig. 5 . In a wide central part it points against the flow while nearer to the walls its sign changes as predicted.
The equation of state is well satisfied across the fluid, including the regions near the walls. Observed discrepancies with the ideal gas equation were always below 2% and if Henderson's equation of state ͓20͔ is used the discrepancies are below 0.1%. P yy should be uniform, see Eq. ͑5͒, and this is what we in fact observe. From the horizontal average of the observed P yy , the value at each y is obtained with errors of less than 0.4%. An additional vertical average over the previous profile produces a variance of about 10 Ϫ8 %. In this sense it can be stated that P yy is independent of y as our equations predict.
As a consequence of finite size the temperature has a discontinuity at the walls. We use this fact to consider T 0 as a parameter to be determined. With this aim we equate the measured P yy with the theoretical P yy ϭp 0 P yy * , written up to sixth order, to obtain an effective T 0 . In this way we determine an effective value: T 0 ϭ1.10 for the Nϭ7056 system, and T 0 ϭ1.58 for Nϭ28 224. The other theoretical profiles obtained using these values for T 0 are then directly compared with the simulational results finding that usually they almost coincide. Details follow. 
Thermodynamic fields
The pressure that we predict is in excellent agreement with what we observe ͑solid circles in Fig. 1͒ , the discrepancies being less than 0.5%. Only in a narrow region near the walls are there deviations that reach 6%.
The density profile ͑open circles in Fig. 1͒ shows important boundary effects. Near the walls theory underestimates the density by about 7%. Since the global density is fixed, this implies that the mean density in the central region is slightly smaller ͑about 0.48%͒ than what is predicted by the theory.
On the other hand, Henderson's equation of state ͓20͔ is extremely well satisfied. For this reason the theoretical prediction of the temperature via the equation of state of an ideal gas Tϭp/n underestimates the observed temperature by about 2%, as can be appreciated in Fig. 2 . The discrepancy in the central region is of about 1.7%.
Shear and velocity fields
Figure 3 compares the differences ⌬␥ϭ␥ theo. Ϫ␥ sim. between the theoretical predictions ͑first and third order͒ and the simulational values for the ␥ profile. It can be seen that the third-order correction values give a better description of the observations ͑the discrepancy in this case being about 2% except very near the boundary region͒.
Plotting the observed values of P xy and Ϫp␥ produces coincident points, namely, the deviations from Newton's law cannot be observed. The reason can be understood because P xy and Ϫ p␥ at first order coincide ͓they are O(KnF)͔ while P xy ϩp␥ is O(Kn 3 F 3 ). The difference between these two observables is smaller than the precision with which we observe these quantities. Figure 4 has the velocity profile v x in the case of N ϭ28 224 particles. The velocity at the center of the channel is slightly overestimated by the first-order correction but at third order there is a better agreement. q x : the horizontal dotted line is the first order prediction given in Eq. ͑16͒; the solid line gives q x up to fifth order. We do not show q x up to third order because it almost coincides with the fifth-order profile. The first order gives a uniform negative value that describes well the profile in the central part. To take into account the observations nearer to the walls at least third-order corrections must be considered. q y : the dotted and solid lines give the second-and fourthorder predictions, respectively. For the considered values of F and Kn the lowest ͑second͒ order is enough to reproduce the observed values of q y ͑modified Fourier's law͒ ͓12͔; higher orders are quite negligible. The agreement with the predicted values is excellent.
IV. THREE-DIMENSIONAL GAS-DYNAMIC EQUATIONS
Even though the present paper is centered in a twodimensional system, many readers may be interested in the corresponding three-dimensional version of the same results. Hence, in this section we give the gas-dynamic equations for a Poiseuille planar stationary flow of hard spheres of mass m and diameter between two walls parallel to the X-Y plane at zϭϪL z /2 and zϭL z /2, respectively. The transversal coordinate is z and the system is subjected to g ជ ϭ͓g,0,0͔. The walls are kept at a fixed temperature T 0 . It is easy to see that q y ϭ0 and P xy ϭP yz ϭ0. The adimensional shear rate ␥ is defined as The temperature at this order has a minimum at the center of the channel but it has symmetric maxima quite near the center, at ϷϮ1.57Kn. After we made this observation we saw that a similar conclusion is made in ͓15,16͔.
In the following section we discuss some of the implications of these results.
V. DISCUSSION AND CONCLUSIONS
It has been shown that Boltzmann's equation implies a gas-dynamics that has a more complex nature than standard hydrodynamics. We stress again that no constitutive transport equations were assumed, but rather the theoretical framework itself gave us highly nonlinear equations that take the place of the usual Newton's and Fourier's transport laws.
Since we have dealt with a laminar stationary flow, it was possible to derive analytic perturbative expressions for every hydrodynamic field and compare them with what was measured in our simulations. The effects beyond standard hydrodynamics should be observable, and are correctly described with our expressions, within a small error margin, and they have obvious relevance in straightforward molecular dynamics.
Most of our work refers to the two-dimensional case since this is the system that we are able to simulate. In fact, in spite of the efficiency of our simulator ͓21͔ and the quality of our computational equipment, we are not yet able to run the simulations as long as needed with a system of an equivalent size in three dimension ͑of at least 84 3 ϭ592 704 particles͒. One can, however, discuss the implications of the results in three dimensions, given in Sec. IV, and argue that under appropriate conditions these effects can ͑hopefully͒ be observed in real experiments. It is easy to derive that the ratio between the velocity at the center of the channel v max and the thermal velocity v th ϭ2ͱ2T 0 /(m) is v max /v th ϭͱF/10. Requiring that this ratio is less than 1.0 implies that F Ͻ5.64. On the other hand, the Reynolds number defined as Reϭv max L z /, where is the ideal gas kinetic shear viscosity, turns out to be Reϭ16F/(25Kn) and the ratio between the abnormal heat flux q x and the transversal ͑normal͒ component q z is q x /q z ϭ9/(2Re), telling us that to make the effects of q x more evident we need a Reynolds number not too large.
To make a numerical estimate of what has been said, let us take Knϭ1/(ͱ2n 2 L z )ϭ0.06, see Eq. ͑21͒, as the one used in our bidimensional simulations but considering a realistic value of the diameter for the particles ϭ10 Ϫ10 (m). Requiring L z ϭ1 (m) the number density n turns out to be about n 0 /40, where n 0 is the density obtained dividing the Avogadro number by 22.4 liters. If we further use the value Fϭ2.0, then near the walls q x /q z Ϸ0.2, namely, the longitudinal heat flux component is 20% the value of the normal transversal component. For these values of the parameters one can also check that the second-order corrections to the hydrodynamic fields are quite appreciable, particularly those on the temperature and on P zz .
